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本讲内容

1 单变量线性回归模型

2 多变量线性回归模型
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单变量线性回归模型

本节内容

1 单变量线性回归模型

2 多变量线性回归模型
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单变量线性回归模型

单变量线性回归模型：基本术语

单一解释变量线性回归 (linear regression)：

𝑌𝑖 = 𝛽𝑋𝑖 + 𝜀𝑖 , 𝑖 = 1, . . . , 𝑁

如 𝑖 为个人，𝑌𝑖 为其收入，𝑋𝑖 为其教育水平，𝜀𝑖 为残差项 (residual term)
𝑋 称为解释变量 (explanatory variable)，亦称为自变量 (independent variable)

在计量经济学中，很少用自变量这个说法，因为几乎所有的变量，都没有独立性——

即外生性 (exogeneity)
𝑌称为结果变量 (outcome variable)，被解释变量，或因变量 (dependent
variable)

特别在因果推断中，标准称谓是结果变量

𝜀又称为误差项 (error term)，代表所有无法观测 (unobservable)或未被观测到
(unobserved)，但对 𝑌有影响的因素

𝛽称为回归系数，简称系数 (coefficient)
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单变量线性回归模型

单变量线性回归：系数估计

线性回归方程同时给出了一个数据生成过程 (DGP)：给定 {𝑋𝑖}的分布、{𝜀𝑖}的
分布及二者关系，回归方程确定了 {𝑌𝑖}与 {𝑋𝑖 , 𝜀𝑖}的联合分布
𝛽假设为未知 (unknown)，经济学家关心 𝛽的取值，计量经济学家的任务是通

过样本数据 {𝑋𝑖 , 𝑌𝑖}𝑁𝑖=1，估计 𝛽取值

可以使用的估计方法有很多种，最常见的是一般最小二乘 (ordinary least
square, OLS)估计
OLS法：选择回归系数 𝛽，最小化残差平方和

min
𝛽

𝑁∑
𝑖=1

(𝑌𝑖 − 𝛽𝑋𝑖)2

该最小化问题的解称为 OLS估计量，记为 𝛽̂
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单变量线性回归模型

单变量线性回归：OLS估计

OLS估计量的直接推导：最小化问题 1阶条件（思考：2阶条件如何？）

𝑁∑
𝑖=1

𝑋𝑖(𝑌𝑖 − 𝛽𝑋𝑖) = 0 ⇒ 𝛽̂𝑁 =

∑𝑁
𝑖=1 𝑋𝑖𝑌𝑖∑𝑁
𝑖=1 𝑋

2
𝑖

进一步假设 {𝑋𝑖 , 𝜀𝑖} iid，E𝑋𝑖 = E𝜀𝑖 = 0，且 𝑋𝑖 与 𝜀𝑖 相互独立 ∀𝑖，则上式中分
子分母同时除以 𝑁 可得

𝛽̂𝑁 =
1
𝑁
∑𝑁
𝑖=1 𝑋𝑖𝑌𝑖

1
𝑁
∑𝑁
𝑖=1 𝑋

2
𝑖

a.s.→ cov(𝑋𝑖 , 𝑌𝑖)
var(𝑋𝑖) = 𝛽, 𝑁 → ∞

其中，分子、分母的收敛由大数定律 (LLN)保证，故 𝑋𝑡 自回归方程系数的

OLS估计值具有一致性
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单变量线性回归模型

单变量线性回归：OLS估计的矩阵形式

单变量线性回归 𝑌𝑖 = 𝛽𝑋𝑖 + 𝜀𝑖 , 𝑖 = 1, . . . , 𝑁 的向量形式：

𝒀 = 𝑿𝛽 + 𝜺

其中 𝒀 = [𝑌1 , . . . , 𝑌𝑁 ]Ç为被解释变量，𝑿 = [𝑋1 , . . . , 𝑋𝑁 ]Ç解释变量，
𝜺 = [𝜀1 , . . . , 𝜀𝑁 ]Ç残差项，注意矩阵写法中 𝑿𝛽的顺序

最小化残差平方和可表示为

min
𝛽

𝜺Ç𝜺 = min
𝛽

(𝒀 − 𝑿𝛽)Ç(𝒀 − 𝑿𝛽)

单一解释变量不易体现矩阵形式的优越性；多变量则不同
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单变量线性回归模型

单变量线性回归：残差项方差的估计

iid假设下，残差项 𝜀𝑖 的方差 𝜎2
𝜀 = var(𝜀𝑖)，同样假设为未知，需要从样本数据

进行估计

按照 LLN思路，可以基于样本方差 𝜎̂2
𝜀 =

1
𝑁
∑𝑁
𝑖=1 𝜀

2
𝑖 来估计 𝜎2

𝜀；但唯一的观测

值为 {𝑋𝑖 , 𝑌𝑖}，而非 {𝜀𝑖}
间接估计思路：给定 𝛽的 OLS一致估计量 𝛽̂𝑁，则大样本下

𝑒𝑖 ≡ 𝑌𝑖 − 𝛽̂𝑁𝑋𝑖
a.s.→ 𝑌𝑖 − 𝛽𝑋𝑖 = 𝜀𝑖

因此，可利用残差项 𝜀𝑖 的样本估计值 𝑒𝑖 来估计 𝜎2
𝜀（后续会严格证明）：

𝜎̂2
𝑒 =

1
𝑁

𝑁∑
𝑖=1

𝑒2
𝑖 =

1
𝑁

𝑁∑
𝑖=1

(𝑌𝑖 − 𝛽̂𝑁𝑋𝑖)2 a.s.→ 𝜎2
𝜀
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多变量线性回归模型

本节内容

1 单变量线性回归模型

2 多变量线性回归模型
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多变量线性回归模型

线性回归模型的一般形式

给定因变量 𝑌𝑖 与 𝐾个解释变量 𝑋0,𝑖 , . . . , 𝑋𝐾−1,𝑖 及其 𝑁 个样本
{𝑌𝑖 , 𝑋0,𝑖 , . . . , 𝑋𝐾−1,𝑖}𝑁𝑖=1

其中，𝑋0,𝑖 通常假设为常数 1，即 𝑋0,𝑖 ≡ 1
并假设 𝑌𝑖 与 𝑋0,𝑖 , . . . , 𝑋𝐾−1,𝑖 之间满足线性关系：

𝑌𝑖 = 𝛽0𝑋0,𝑖 + 𝛽1𝑋1,𝑖 + · · · + 𝛽𝐾−1𝑋𝐾−1,𝑖 + 𝜀𝑖 , 𝑖 = 1, . . . , 𝑁

= 𝛽0 + 𝛽1𝑋1,𝑖 + · · · + 𝛽𝐾−1𝑋𝐾−1,𝑖 + 𝜀𝑖 , 若𝑋0,𝑖 ≡ 1

其中 𝜀𝑖 为残差项

上述线性回归模型的 OLS估计，为如下最小化残差平方和问题的解

min
{𝛽𝑘}𝐾−1

𝑘=0

𝑁∑
𝑖=1

(𝑌𝑖 − 𝛽0𝑋0,𝑖 − 𝛽1𝑋1,𝑖 − · · · − 𝛽𝐾−1𝑋𝐾−1,𝑖)2

用微积分求解极值问题的 1阶最优条件来求解，可行，但会比较繁琐
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多变量线性回归模型

线性回归模型的矩阵形式

多解释变量线性回归的一般写法

𝑌𝑖 = 𝑿 Ç
𝑖 𝜷 + 𝜀𝑖 , 𝑖 = 1, . . . , 𝑁

其中 𝑿 Ç
𝑖 = [𝑋0,𝑖 , 𝑋1,𝑖 , . . . , 𝑋𝐾−1,𝑖]为 𝐾个回归变量

其矩阵形式为

𝒀 = 𝑿𝜷 + 𝜺

其中

𝒀 =


𝑌1
...

𝑌𝑁

𝑁×1

, 𝑿 =


𝑿 Ç

1
...

𝑿 Ç
𝑁

𝑁×𝐾

, 𝒆 =


𝜀1
...

𝜀𝑁

𝑁×1

, 𝜷 =


𝛽0
...

𝛽𝐾−1

𝐾×1
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多变量线性回归模型

系数 OLS估计的矩阵形式

OLS估计量为最小化残差平方和问题的解

min
𝜷

𝜺Ç𝜺 = min
𝜷

(𝒀 − 𝑿𝜷)Ç(𝒀 − 𝑿𝜷)

结论 若 𝜷̂满足 𝑿 Ç(𝒀 −𝑿𝜷) = 0（零向量），则 𝜷̂为上述最小化问题的解；进一步，若
𝑿 Ç𝑿 为可逆矩阵，则 𝜷̂ = (𝑿 Ç𝑿 )−1𝑿 Ç𝒀

只需要说明，∀𝜷 ∈ R𝐾，下列不等式成立即可
(𝒀 − 𝑿 𝜷̂)Ç(𝒀 − 𝑿 𝜷̂) ≤ (𝒀 − 𝑿𝜷)Ç(𝒀 − 𝑿𝜷)

为此，只需考虑下式的展开

(𝒀 − 𝑿𝜷)Ç(𝒀 − 𝑿𝜷) = (𝒀 − 𝑿 𝜷̂ + 𝑿 𝜷̂ − 𝑿𝜷)Ç(𝒀 − 𝑿 𝜷̂ + 𝑿 𝜷̂ − 𝑿𝜷)
及 𝜷̂所满足的性质即可
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多变量线性回归模型

系数 OLS估计矩阵表达式的证明

(𝒀 − 𝑿𝜷)Ç(𝒀 − 𝑿𝜷) = (𝒀 − 𝑿 𝜷̂ + 𝑿 𝜷̂ − 𝑿𝜷)Ç(𝒀 − 𝑿 𝜷̂ + 𝑿 𝜷̂ − 𝑿𝜷)
= (𝒀 − 𝑿 𝜷̂)Ç(𝒀 − 𝑿 𝜷̂) + (𝒀 − 𝑿 𝜷̂)Ç(𝑿 𝜷̂ − 𝑿𝜷)

+ (𝑿 𝜷̂ − 𝑿𝜷)Ç(𝒀 − 𝑿 𝜷̂) + (𝑿 𝜷̂ − 𝑿𝜷)Ç(𝑿 𝜷̂ − 𝑿𝜷)
= (𝒀 − 𝑿 𝜷̂)Ç(𝒀 − 𝑿 𝜷̂) + 2 (𝒀 − 𝑿 𝜷̂)Ç𝑿︸        ︷︷        ︸

≡0

(𝜷̂ − 𝜷)

+ (𝜷̂ − 𝜷)Ç𝑿 Ç𝑿 (𝜷̂ − 𝜷)︸                   ︷︷                   ︸
≥0

≥ (𝒀 − 𝑿 𝜷̂)Ç(𝒀 − 𝑿 𝜷̂)
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多变量线性回归模型

系数 OLS估计的几何视角

将 𝑿 看做 R𝑁 中的 𝐾个列向量，则对任意 𝜷，𝑿𝜷为这 𝐾个向量张成的子空间

X中的一个向量

(𝒀 − 𝑿𝜷)Ç(𝒀 − 𝑿𝜷)为 𝒀 到 𝑿𝜷的距离

最小二乘估计就等价于寻找 𝜷使得 𝒀 到 X距离最短

这又等价于使得残差向量 𝜺 = 𝒀 − 𝑿𝜷与子空间 X垂直，即 𝑿 Ç𝜺 = 0

OLS估计可看做被解释变量对解释变量的投影 (projection)，𝑿 (𝑿 Ç𝑿 )−1𝑿 Ç称为
投影矩阵
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多变量线性回归模型

OLS估计的几何视角
𝒀

𝑿0

𝑿1

𝑿 𝜷̂ = 𝛽̂0𝑿0 + 𝛽̂1𝑿1

𝜺̂ = 𝒀 − 𝑿 𝜷̂

𝛽̂0𝑿0

𝛽̂1𝑿1
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多变量线性回归模型

计算示例

考虑 𝑌𝑖 = 𝛽0 + 𝛽1𝑋𝑖 , 𝑖 = 1, 2, 3，其中 𝑌𝑖 = 1, 1, 3，𝑋𝑖 = 1, 2, 3，则相应地有

𝑿 =


1 1
1 2
1 3

 , 𝒀 =


1
1
3


由 𝜷 = (𝑿 Ç𝑿 )−1𝑿 Ç𝒀，可知

𝜷 =

[
𝛽0

𝛽1

]
=
©­­«
[
1 1 1
1 2 3

] 
1 1
1 2
1 3


ª®®¬
−1 [

1 1 1
1 2 3

] 
1
1
3

 =
[
− 1

3
1

]
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多变量线性回归模型

“回归”概念的提出：人口学家、统计学家，Galton 1886

205对父母身高与 930个子女身高数据集：相对父母身高，子女身高向均值回归

Galton, F. 1886. Regression towards Mediocrity in Hereditary Stature. Journal of the

Anthropological Institute of Great Britain and Ireland, vol.15: 246–-63.

 246 Anthropological Miscellanea.

 ANTHROPOLOGICAL MISCELLANEA.

 REGRESSION towvards MEDIOCRITY in IIEREDITARY STATURE.

 By FRANCIS GALTON, F.R.S., &c.

 [WITH PLATES IX AND X.]

 TuIis memoir contains the data upon which the remarks on the Law
 of Regression were founded, that I made in my Presidential Address
 to Section H, at Aberdeen. That address, which will appear in
 due course in the Journal of the British Association, has already
 been published in "Nature," September 24th. I reproduce here
 the portion of it which bears upon regression, together with some
 amplification where brevity had rendered it obscure, and I have added
 copies of the diagrams suspended at the meeting, without which the
 letterpress is necessarily difficult to follow. My object is to place
 beyond doubt the existence of a simple and far-reaching law that
 governs the hereditary transmission of, I believe, every one of those
 simple qualities which all possess, though in unequal degrees. I
 once before ventured to draw attention to this law on far more
 slender evidence than I now possess.

 It is some years since I made an extensive series of experiments
 on the produce of seeds of different size but of the same species.
 They yielded results that seemed very noteworthy, and I used them
 as the basis of a lecture before the Roval Institution on February
 9th, 1877. It appeared from these experiments that the offspring
 did not tend to resemble their parent seeds in size, but to be alwa ys
 more mediocre than they-to be smaller than the parents, if the
 parents were large; to be larger than the parents, if the parents
 were very small. The point of convergence was considerably below
 the average size of the seeds contained in the large bagful I bought
 at a nursery garden, out of which I selected those that were sown,
 and I had some reason to believe that the size of the seed towards
 which the produce converged was similar to that of an average
 seed taken out of beds of self-planted specimens.

 The experiments showed further that the mean filial regression
 towards mediocrity was directly proportional to the parental devia-
 tion from it. This curious result was based on so many plantings,
 conducted for me by friends living in various parts of the country,
 from Nairn in the north to Cornwall in the south, during one, two,
 or even three generations of the plants, that I could entertain no
 doubt of the truth of my conclusions. The exact ratio of regression
 remained a little doubtful, owing to variable influences; therefore
 I did not attempt to define it. But as it seems a pity that no

This content downloaded from 59.172.176.160 on Wed, 04 Sep 2019 04:35:13 UTC
All use subject to https://about.jstor.org/terms
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多变量线性回归模型

Galton图示：向均值回归 regression to the mean
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多变量线性回归模型

Galton图示：二元正态分布拟合，密度函数等高线为椭圆
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